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Let , be a rank 2 Drinfeld module defined over Fq(T ). For each monic prime
polynomial p # Fq(T ) which is a regular prime of ,, the reduction of , at p is a rank
2 Drinfeld module ,p over the finite field Fq(T )( p); depending on the structure of
the ring End(,p), the regular prime p is either a supersingular or an ordinary prime
of ,. We prove in this paper that, on average, supersingular primes are distributed
according to the Lang-Trotter conjecture (for Drinfeld modules). We first show this
result averaging over all Drinfeld modules, and then over all isomorphism classes
of Drinfeld modules.  1996 Academic Press, Inc.
1. Introduction
Let Fq be the finite field with q elements, for q some power of an odd
prime different from 3. Let R=Fq[T] be the ring of polynomials in one
variable over Fq , and F=Fq(T ) be the field of rational functions in one
variable over Fq .
Let ,(a, b) denote the Drinfeld R-module of rank 2 and generic charac-
teristic with equation
,(T )=#(T )+af +bf 2, a, b # R, b{0, (1.1)
where f denotes the Frobenius automorphism of Fq .
Given a Drinfeld module ,(a, b) as defined by (1.1), we investigate in
this paper the distribution of the supersingular primes of ,. This is the
analogous, over function fields, to the distribution of supersingular primes
of elliptic curves. Brown [2] was the first to examine this new situation,
and to notice that most of the theory extends from elliptic curves to
Drinfeld modules. Then, similarly to the classical case of elliptic curves (see
[6] and [14]), he obtained lower bounds for the number of supersingular
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primes of a Drinfeld module , over Fq(T ); these bounds are improved in
[3].
Let P(k) be the set of monic prime polynomials of degree k of Fq[T].
Let
?,(a, b)(k)
denote the number of p in P(k) such that ,(a, b) has good reduction at p
and ,p(a, b) is supersingular.
If ,(a, b) has complex multiplication by an order of a quadratic
imaginary extension KF, by Deuring's criterion ([5] for elliptic curves,
[2] for Drinfeld modules),
?,(a, b)(k)=*[ p # P(k) : p does not split in K ].
Let L be the algebraic closure of Fq in K; then using the C2 ebotarev Density
Theorem for function fields [7, Proposition 5.16]
(i) when L=Fq ,
?,(a, b)(k)t
1
2
qk
k
;
(ii) when L=Fq2 ,
?,(a, b)(k)t
qk
k
for k odd,
and
?,(a, b)(k)=0 for k even.
If ,(a, b) does not have complex multiplication, the Lang-Trotter conjec-
ture for Drinfeld modules is
Conjecture 1.1. Let , be a Drinfeld module defined over Fq(T ). Then
there is a constant C, such that when k  
?,(k)tC,
qk2
k
.
We prove in this paper that this conjecture holds on average. More
precisely, we prove the following
367SUPERSINGULAR DRINFELD MODULES
File: 641J 190903 . By:CV . Date:17:01:00 . Time:13:01 LOP8M. V8.0. Page 01:01
Codes: 2142 Signs: 1040 . Length: 45 pic 0 pts, 190 mm
Theorem 1.2. Let A, B be positive integers satisfying
A, Bk.
Then, when k  
1
qA+1qB+1
:
deg bB
deg aA
?,(a, b)(k)tC(k, q)
qk2
k
,
where C(k, q) depends on q and on the parity of k. More precisely,
C(k, q)={
q
(q+1)(q&1)
q12
(q&1)
when k is even
when k is odd.
(1.2)
In the average of the previous theorem, the same Drinfeld module may
be counted more than once, since the summation runs over Drinfeld
modules, and not over isomorphism classes of Drinfeld modules. This
restriction to classes of Drinfeld modules would only change the constant
by a factor of a zeta function. More precisely, let a, b # Fq[T]. Then for any
c # Fq[T], the Drinfeld modules
,(a, b) and ,$(cq&1a, cq2&1b)
are isomorphic over Fq(T ). Let
M=[(a, b) # Fq[T]2: cq&1 | a O cq
2&1 |% b, for any monic c # Fq[T]]. (1.3)
Then two Drinfeld modules ,(a, b) and ,$(a$, b$), with (a, b) and
(a$, b$) # M are never isomorphic over Fq(T ). We then obtain
Theorem 1.3. Let =>0, and A, B be positive integers satisfying
C=min \ Aq&1,
B
q2&1+<k
and
A, Bk(1+=), A+BC+k(2+=).
Then, when k  
1
qA+1qB+1
:
(a, b) # M
deg aA deg bB
?,(a, b)(k)tC$(k, q)
qk2
k
,
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where C$(k, q) depends on q and on the parity of k. More precisely,
C$(k, q)=`&1(q2+q&2) C(k, q).
We also have to insure that complex multiplication Drinfeld modules do
not contribute significantly to these averages. If a Drinfeld module , has
complex multiplication by an order in the quadratic imaginary field
KFq(T ), then K( j,) is the Hilbert class field of K. As , is defined over
Fq(T ), its j-invariant j, # Fq(T ), and then K must have class number one.
But there are only a finite number of class number one quadratic imaginary
extensions of Fq(T ), existing only in characteristic 2 or 3 (see [13]). We
then assume that q is a power of an odd prime different from 3, such that
there is no complex multiplication Drinfeld module defined over Fq(T ).
Finally, we mention that the Lang-Trotter conjecture was also proved to
be true on average for elliptic curves by Fouvry and Murty [8].
2. Drinfeld Modules
Since the subject of Drinfeld modules is less known than the classical
case of elliptic curves, we review here some basic facts. The material of this
section can be found in [4], or [9].
Let L be a field over Fq[T], i.e. an extension of Fq with an Fq-algebra
morphism
# : Fq[T]  L.
Let Ga be the additive group scheme of L. The ring End(Ga) contains the
translations by elements of L and the Frobenius automorphism of Fq
f : x  xq.
The following then holds in End(Ga)
f b c=cq b f for any c # L. (2.1)
Let L[ f ] be the left twisted polynomial ring generated by L and f, i.e.
L[ f ]={ :
n
i=0
ci f i : ci # L= ,
where multiplication is given by (2.1). For any u # L[ f ], let deg u be the
degree in f of the left polynomial u.
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Definition 2.1. A Drinfeld Fq[T]-module , of rank r>0 over L is a
ring homomorphism
, : Fq[T]  L[ f ]End(Ga)
a [ ,(a)
such that
(i) for all a # Fq[T], deg ,(a)=r deg a;
(ii) ,(a) has constant term #(a).
If the map # : Fq[T]  L is injective, then , is said to have generic charac-
teristic; if not, its characteristic is Ker #.
We consider here only rank 2 Drinfeld Fq[T]-modules, and simply refer
to them as Drinfeld modules.
Let , be a Drinfeld module over L. Then , is completely determined by
,(T ). We then write such a Drinfeld module as
,(T )=#(T )+af +bf 2, a, b # L, b{0,
and denote it ,(a, b).
Definition 2.2. A L-morphism, or L-isogeny, between 2 Drinfeld
modules , and  defined over L is an element c # L[ f ] such that
c b ,(a)=(a) b c for all a # Fq[T].
The set of L-isogenies ,  , is denoted by EndL(,), and is a ring under the
usual operations. The ring of L -isogenies is denoted End(,).
Let , be a Drinfeld module over Fq(T ). It is clear from the definition of
, that Fq[T]End(,). If End(,) is strictly larger than Fq[T], it has to
be an order O in some quadratic imaginary extension over Fq(T ). The
Drinfeld module , is then said to have complex multiplication (by O).
Let p # P(k), and let , be a Drinfeld module of characteristic p=( p)
over Fp=Fq[T]( p). The Frobenius automorphism of Fp
x  xqdeg p
commutes with ,, and is then a Fp -isogeny of ,. There are two possible
situations for the ring End(,):
(i) End(,) is an order in a quadratic imaginary extension over
Fq(T ); , is then said to be ordinary.
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(ii) End(,) is a maximal order in the unique quaternion algebra over
Fq(T ) ramifying exactly at p and ; , is then said to be supersingular.
Now let ,(a, b) be a Drinfeld module defined over Fq(T ), with
a, b # Fq[T]. If p # P(k) and p |% b, then p is a prime of good reduction for
,(a, b). In this case, let ,p(a, b) denote the reduction of ,(a, b) mod p. This
is a Drinfeld module of characteristic p=( p), defined over Fp . We then say
that p is a supersingular (respectively ordinary) prime of ,(a, b) if ,p(a, b)
is a supersingular (respectively ordinary) Drinfeld module over Fp .
3. Drinfeld Modules over Finite Fields
We now compute the average distribution of supersingular primes. We
first express the sum of Theorem 1.2 as a sum involving Drinfeld modules
over the finite fields Fp . Inverting the summations, we write
:
deg bB
degaA
?,(a, b)(k)= :
p # P(k)
*[(a, b) # Fq[T]2: deg aA, deg bB,
and ,(a, b) has good supersingular reduction at p].
Lemma 3.1. Let p # P(k), and A, B positive integers.
(i) Then, for any :, ; of Eq[T]( p),
*[(a, b) # Fq[T]2 : deg aA, deg bB, a#:( p), b#;( p)]
=\q
A+1
qk
+O(1)+\q
B+1
qk
+O(1)+ .
(ii) If A, B are sufficiently large to have A, Bk, then for any :, ; of
Fq[T]( p),
*[(a, b) # Fq[T]2 : deg aA, deg bB, a#:( p), b#;( p)]=
qA+1qB+1
q2k
.
K
Choose A, B such that A, Bk. Then, by Lemma 3.1(ii),
:
deg bB
deg aA
?,(a, b)(k)
= :
p # P(k)
qA+1qB+1
q2k
*[supersingular modules defined over Fp].
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By the work of Gekeler [10], the number of supersingular Drinfeld
modules defined over Fp is related to properties of D, the unique quater-
nion algebra over Fq(T ) which ramifies exactly at p and . More precisely,
let I(p) be the set of isomorphism classes of supersingular modules of
characteristic p, i.e. defined over Fp , and let I$(p) be the set of isomorphism
classes of supersingular Drinfeld modules defined over Fp .
Lemma 3.2. Let h(D) and t(D) be respectively the class number and the
type number of D. Then
*I$(p)=2t(D)&h(D).
If p=( p) with p # P(k), and u is a non-square in Fq*, then
*I$(p)={
1
2 h(- up)
1
2 (h(- up)+h(- p))
when deg p is even
when deg p is odd
(3.1)
where h(- up) and h(- p) are the class numbers of the quadratic imaginary
extensions F(- up) and F(- p) respectively.
Proof. This is just a restatement of the work of Gekeler in [10]. We are
looking at the case r=2. By [10, Thm 4.3], *I(p)=h(D), and by [10,
Prop. 4.6], the number of orbits of I(p) under the action of Gal(Fp Fp) is
equal to t(D). But every supersingular Drinfeld module of characteristic p
is isomorphic to one defined over L, where [L : Fp]=2. We then consider
the action of Gal(LFp)=[1, _] on I(p). Let , be a Drinfeld module of
characteristic p. Since
,&,_  j,= j,_  j_,= j,  j, # Fp ,
we get
t(D)=*I$(p)+
*I(p)&*I$(p)
2
 *I$(p)=2t(D)&h(D)
counting the orbits of I(p) under the action of Gal(LFp). Finally, since
h(D)={
qdeg p&1
q2&1
qdeg p&q
q2&1
+1
when deg p is even
when deg p is odd
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and
t(D)={
1
2 \
qdeg p&1
q2&1
+
1
2
h(- up)+
1
2 \
qdeg p&q
q2&1
+1+
1
2
(h(- up)+h(- p))+
when deg p is even
when deg p is odd,
we get the second part of the lemma. K
Let ,(a, b) and ,$(a$, b$) by two supersingular Drinfeld modules of
characteristic p. Then
,(a, b)&,$(a$, b$)  _c # Fp* such that
a$=cq&1a and b$=cq2&1b.
Let ,(a, b) be defined over Fp . The number of ,$(a$, b$) also defined over
Fp and in the isomorphism class of ,(a, b) is then q
deg p&1. With this
observation, when A, Bk, we get
:
deg bB
deg aA
?,(a, b)(k)= :
p # P(k)
qA+1qB+1
q2k
(qk&1) *I$(p)
=qA+1qB+1(q&k&q&2k) :
p # P(k)
*I$(p), (3.2)
where p # P(k) *I$(p) is a summation of class numbers by Lemma 3.1
4. Class Number Formula
The quadratic reciprocity over Fq[T] reads as
Lemma 4.1. Let a, b # Fq[T], with positive degrees. For any
a= :
k
i=0
ai T i, ai # Fq , ak{0
in Fq[T], let
sgn a={1&1
if ak is a square in Fq*
if ak is not a square in Fq*.
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Then
\ab+\
b
a+=(&1)(q&1)2 deg a deg b (sgn a)deg b (sgn b)deg a.
Proof. From the Hilbert reciprocity law
\ab+\
b
a+=(a, b) ,
and the lemma follows from the computation of the Hilbert symbol
(a, b) . See, for example, [15, Chapter III, Section 5]. K
Let d # Fq[T] a polynomial of positive degree, d=:d $ with : # Fq* and d $
a non-square in Fq[T]. Let
/d (n)=\dn+ , n # Fq[T].
As usual, we define
L(s, /d)=:
n
/d (n) |n|&s
where
|n|=qdeg n,
and the sum n runs over monic polynomials in Fq[T]. By the choice of
d, when kdeg d, it follows from quadratic reciprocity that
:
deg n=k
/d (n)=0, (4.1)
where the sum deg n=k runs over monic polynomials of degree k of Fq[T].
The L-series L(s, /d) is then the finite sum
L(s, /d)= :
deg n<deg d
/d (n) |n| &s.
We now state the case of the class number formula that we need to
evaluate (3.2).
Lemma 4.2. (i) Let p be a prime polynomial of odd degree k in Fq[T]
(not necessarily monic). Then
h(- p)=
qk2
q12
L(1, /p).
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(ii) Let p be a monic prime polynomial of even degree k in Fq[T]. Let
u be a non-square in Fq*. Then
h(- up)=
2qk2
q+1
L(1, /up).
Proof. This is proved in Artin's thesis [1]. K
Then, we can rewrite the inner sum of (3.2) as
:
p # P(k)
*I$(p)={
qk2
q+1
:
p # P(k)
L(1, /up)
qk2
2q12
:
p # P(k)
L(1, /p)+L(1, /up)
when k is even
when k is odd.
(4.2)
5. Sums of L-Series
We compute here the sums of L-series given above. This is similar to the
computations done in [12], where the average of the class numbers is
computed over all discriminants, while our average involves only prime
discriminants. We will compute
:
p # P(k)
L(1, /p) (5.1)
for k odd. The two other sums of L-series are computed in a completely
similar way.
Since the function field analogue of the Riemann Hypothesis holds, we
get an effective version of the C2 ebotarev Density Theorem. More precisely,
we consider the following particular case of [7, Proposition 5.16]
Proposition 5.1. Let E be a Galois extension of F=Fq[T] such that the
algebraic closure of Fq in E stays Fq . Let G=Gal(EF ) of order n, and let
c be a conjugacy class in G. Let
Ck(EF; c)={ p # P(k), unramified in EF, and such that \EFp + # c= .
Then
}*Ck(EF; c)&|c|n
qk
k }<8 |c| qk2 \1+
gE
kn+ . K
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We need 2 simple cases of this proposition, namely:
(i) E=F. Then, Proposition 5.1 gives
}*P(k)&q
k
k }<8qk2. (5.2)
(ii) E=F(- n), n # Fq[T] a monic non-square of degree N1. Write
n= f 2m, m square free of degree M1. Then
gE={
M
2
&1
M&1
2
if M is even
if M is odd.
Using c=[1] in Gal(EF )=[\1], Proposition 5.1 gives
}*Ck (EF; c)&12
qk
k }<8
qk2
k
(k+N ). (5.3)
Then, since
*Ck(EF; c)=
1
2
:
p # Punr (k)
1+\np+ ,
where Punr (k) is the set of primes p # P(k) which do not ramify in F(- n)F,
we get the estimate
:
p # P(k) \
p
n+=O \
qk2
k
(k+N )+ ,
using (5.2), (5.3) and quadratic reciprocity.
We now use these results to evaluate (5.1). Inverting the summations,
:
p # P(k)
L(1, /p)= :
k&1
N=0
q&N :
deg n=N
:
p # P(k) \
p
n+ . (5.4)
When n is a square in Fq[T], say n=m2, we have that ( pn)=( pm)2=1
for ( p, n)=1. But, since 0deg n<deg p, the condition ( p, n)=1 is always
true. Then,
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:
n square
deg n=N
:
p # P(k) \
p
n+= :
n square
deg n=N
*P(k)
=\q
k
k
+O(qk2)+ :
n square
deg n=N
1 (5.5)
by (i). The number of monic polynomials n # Fq[T] such that deg n=N
and n is a square is qN2 when N is even, and 0 when N is odd.
When n is not a square in Fq[T], the character ( } n) is not the trivial
character. Then
:
n non-square
deg n=N
:
p # P(k) \
p
n+= :
n non-square
deg n=N
O \q
k2
k
(k+N )+ (5.6)
by (ii).
Then, using (5.5) and (5.6), we get
:
p # P(k)
L(1, /p)= :
k&1
N=0
q&NO \qN q
k2
k
(k+N )+
+ :
k&1
N=0
N even
q&NqN2 \q
k
k
+O(qk2)+
=
1
1&q&1
qk
k
+O(kqkq).
In a completely similar way, we compute that p # P(k) L(1, /up) is also
1
1&q&1
qk
k
+O(kqk2)
for any positive integer k (odd or even).
Finally, using these results in (4.2), we get
:
p # P(k)
*I$(p)={
q
(q+1)(q&1) \
q3k2
k ++O(kqk)
q
- q (q+1) \
q3k2
k ++O(kqk)
when k is even
when k is odd,
(5.7)
and using that in (3.2), we get Theorem 1.2.
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6. Averaging over Isomorphism Classes
We now prove Theorem 1.3. We then want to compute the average
:
(a, b) # M
deg aA, deg bB
?,(a, b)(k), (6.1)
where M is defined by (1.3).
The characteristic function
/M(a, b)={10
(a, b) # M
(a, b)  M
can be written as
/M(a, b)= :
cq2&1 | b
cq&1 | a
+(c),
where + is the Mobius function, and the sum runs over monic c # Fq[T].
Then, we write (6.1) as
:
deg bB
deg aA
:
cq2&1 | b
cq&1 | a
+(c) :
p # P(k)
/(a, b; p)
where /(a, b; p)=1 when the reduction ,p(a, b) of ,(a, p) over Fp is super-
singular, and /(a, b; p)=0 otherwise. Inverting the summations, we get
:
p # P(k)
:
c
+(c) :
deg aA
a=cq&1a$
:
deg bB
b=cq2&1b$
/(cq&1a$, cq2&1b$; p), (6.2)
where the summation c +(c) is restricted to monic c in Fq[T] such that
deg cC=min \ Aq&1,
B
q2&1+ .
When ( p, c)=1,
,p(cq&1a$, cq
2&1b$)&,p(a$, b$),
which gives
/(a, b; p)=/(a$, b$; p).
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To insure ( p, c)=1, we choose A, B such that
C=min \ Aq&1,
B
q2&1+<k. (6.3)
We then rewrite (6.2) as
:
p # P(k)
:
deg cC
+(c) :
deg b$B
deg a$A$
/(a$, b$; p) (6.4)
where
A$=A&(q&1) deg c and B$=B&(q2&1) deg c.
Using Lemma 3.1(i) and following the steps of Section 3, we rewrite (6.4)
as
:
p # P(k)
:
deg cC
+(c) \q
A$+1
qk
+O(1)+\q
B$+1
qk
+O(1)+ (qk&1) *I$(p). (6.5)
Writing
qA$+1=
qA+1
|c|q&1
and qB$+1=
qB+1
|c|q2&1
,
and using (5.7), we can rewrite (6.5) as
C(k, q) qA+1qB+1 \ :
deg cC
+(c)
|c|q2+q&2+\
qk2
k
+O(k)+
+O \qA q
3k2
k ++O \qB
q3k2
k ++O \qC
q5k2
k + ,
where C(k, q) is the constant of (1.2), and the O-constants depend only
on q.
Let =>0, and choose A, B big enough to have
A, Bk(1+=) and A+BC+k(2+=). (6.6)
One easily checks that (6.3) and (6.6) are compatible for small values of =.
With this condition, we finally get
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:
(a, b) # M
deg aA, deg bB
?,(a, b)(k)
=C(k, q) qA+1qB+1 \ :
deg cC
+(c)
|c|q2+q&2+\
qk2
k ++o \qAqB
qk2
k + .
This proves Theorem 1.3.
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